How THE M ATHEMATICAL MIND OF THE
ADOLESCENT DEVELOPS FROM EARLY
ADOLESCENCE TO LATE ADOLESCENCE

by Michael Waski

“It is essential that we match our methodology with the psychology of
the adolescent and as this changes throughout adolescence, so should our
approach.” Mike Waski provides an understanding of how to approach
mathematics at the adolescent level from the perspective of the develop-
mental characteristics of the age. Sharing observations from his own work
with adolescents, Waski shares his deep understanding of the adolescent
personality and specifically how the personality relates to their work in
mathematics. Beginning with concrete work in elementary and building
through abstract work, the older adolescent eventually begins to consider
the philosophical nature of mathematics. In mathematics, the adolescent
finds a study of precision that is founded in the search for undeniable,
fundamental truths.

A mathematician, a physicist, and an engineer were travel-
ing through Scotland when they saw a black sheep through
the window of the train. “Aha,” says the engineer, “I see
that Scottish sheep are black.” “Hmm,” says the physicist,
“You mean that some Scottish sheep areblack.” “No,” says
the mathematician, “All we know is that there is at least
one sheep in Scotland, and that at least one side of that
one sheep is black.”

I tell the above tale to illustrate the need for precision, the need
for exactness. The reason that this joke is so extremely humorous (at
least it is for us mathematicians) is the absurd level of exactness the
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third passenger (the mathematician) has. And what makes it ring so
true is that this is how a mathematician actually does have to define
things. We have to be careful not to say one word of something that
may not be true no matter how unlikely or rare the case may be. In
real life situations, like the one on the train, this method doesn’t
work so well, but this doesn’t negate the important role that preci-
sion and exactness play in our everyday lives.

The practice of being precise, being exact, is what Maria Montes-
sori calls the mathematical mind. Mario Montessori also spoke of the
precision that is at the core of the mathematical mind. He spoke of
mathematics being the expression of the mathematical mind, while
he also knew that not everyone expresses precise thinking through
mathematics alone. We all have needs that require exactness, order,
imagination, and abstraction, and these needs can be exercised in
many ways. But it is through a formal study of the discipline of
mathematics that exactitude and precision becomes most clear. So
what I would like to speak about today is how this mathematical
mind develops in the adolescent and how we can go about aiding
in the development of this mathematical mind.

FirstI would like to share some general observations about who
these young people are and who they are becoming. Many of the
observations we are making are in line with the general character-
istics of maturity along the plane as illustrated in Gena Engelfried’s
article “When Is It Time to Grow Up? Contrasting Needs and Char-
acteristics of the Twelve- to
Fifteen-Year-Old and the
It is essential that we match our Fifteen- to Eighteen-Year-
methodology with the psychology of Old” published in 2006 in
the adolescent and as this changes The NAMTA Journal. One

throughout adolescence, so should example of this is that
our approach. As adolescents get there is a noticeable dif-
older, we also see shifts in regards ference in how students
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start to enjoy and be drawn to a more a group. While there is
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ences. For example if I put a brain teaser or puzzle up for the class
to work on in groups with a group of younger adolescents, there
will be an immediate frenzy of activity: people throwing out ideas
and opinions, lots of discussion (some of it even about the topic),
and the students will definitely be engaged with the material in
a visible way. In the end, there may be some students who are at
different levels of understanding and so after the group work they
will have some individual work where they can process their own
thoughts and ideas and consolidate their understanding wherever
they may be.

When I do the same for my older adolescents, there is usually
a much longer pause or silence. Students will start to do work on
their own before sharing their ideas. This is certainly not because
they are afraid to be wrong in front of their peers; many of these
students have known each other for a decade. Instead there is a
different type of processing that is happening. These students need
this solitary time first, and then they are more than happy to, and
indeed need to come together in groups to share where they are in
their thinking, to seek help, and to collaborate. Often for the older
adolescent, I will give them work to do on their own first, possibly
for homework. Then when they come in the next day and share
in groups, they are more comfortable with this than the way the
younger students work.

Looking at Gena’s continuum, she writes that the younger
students have more “impulsive ideas, feelings, and thoughts,”
whereas the older students have an “increased care in articulating
feelings and thoughts,” which I believe we are seeing manifest
itself in this way through the mathematics. We see this over and
over again when we have mixed age groups working at the same
level. In one class we have a young sophomore and a senior work-
ing on higher-level mathematics. The younger student is quick to
ask for help or questions or give ideas or to state progress, where
the older student will say, “Just give me a few minutes here.” It is
an interesting dynamic. I believe this behavior also speaks to the
younger student’s need for social validation contrasted with the
older student’s need for increased self-reliance. While there still is
a great need to work collaboratively, the older adolescent seems to
be more interested in the mathematics and uses the social group
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work as a means to achieve a goal rather than seeing the math as a
vehicle through which socialization can happen.

Another big difference is how students in each of the subplanes
relate to mathematics. Once when I was teaching a group of eighth
graders about the quadratic formula, I got the dreaded question,
“When am I going to use this?” As it happened that morning, I was
also teaching a group of twelfth graders a physics lesson about
charged particles, and the solution to one of the questions required
the quadratic formula. So having this fresh in my mind, I proceeded
to take the class through this practical application, which took quite
a bit of time, but I thought was well worth it. After I was finished, I
saw the same student raising his hand and he said, “Yeah, I get all
that, but when am I going to use it?” And what I realize now is how
I fundamentally misunderstood his original question. He wasn’t
asking, “What is this good for?” in a general sense. He wanted to
know how this applies to him, personally, right now. That is very
appropriate for the development of that age. But the truth is that as
adolescents get older, that question does begin to shift from “When
am [ going to use this?” to “How is this used in the world?”

The older adolescent is ready to enter the world at large and
wants to know what that world is like. Of course they are inter-
ested in how they fit in, but to understand that, they need to know
what is out there. They are more open to seeing how ideas fit in the
world, who uses them, and why, even if they are not using them
directly themselves. It gives them a more complete view of the adult
world and they can figure out then what role they want to play and
how they fit into that adult world. The younger adolescent is still
forming themselves in a more inward way, where the immediacy
of their surroundings and their time is of the utmost importance.
Gena says that the younger adolescent has a “need to present ideas
and talents to a peer group” and the older adolescent has a “need
to present ideas and talents to the world at large.” In mathematics,
I believe that the worldview of the older adolescent takes primacy
over theirindividual selves, and they are more interested in a variety
of applications they might not be doing directly. This is important
in the way we approach math. The younger students have more
practical work on a farm or in their community where the math is
immediately applied as much as possible. As the students get older,
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the math does become more complex and diverse in its applications,
so it is not practical that every topic and subtopic be of utmost ur-
gency and immediately and personally applicable. Therefore it is
good that students change their view to having more of an interest
in how the world works in general. In a way, the older adolescent
is more similar to the elementary child who loves knowledge for
knowledge’s sake. We see the same things happening more as the
students begin to enter that fourth plane of development.

So far we have been discussing developmental shifts, and I
think that is important in order to understand what to present to
the students and at what age. It is essential that we match our meth-
odology with the psychology of the adolescent and as this changes
throughout adolescence, so should our approach. As adolescents
get older, we also see shifts in regards to their mathematical mind.
Students start to enjoy and be drawn to a more deductive approach
to mathematics, which was not always true in the younger years.
While younger students are often capable of doing deductive reason-
ing, the drive for it, the beauty of it, and the necessity of it is often
lost. They can find it dry, boring, and feel like they are just going
through the motions. It is so unattached from practicality that they
find no use for it. But if done well, the older adolescent can find
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deduction beautiful, fascinating, and invigorating. Let’s speak a bit
about the differences between an inductive and deductive approach
to mathematics.

If we recall our friends on the train observing the sheep, the
engineer made a dangerous assumption based on that one observa-
tion that all Scottish sheep are black. Having just one observation is
not enough to extrapolate a general rule, but making observations
and then coming up with a conclusion is called induction, and this
is how most knowledge is acquired and is prominent in science. In
fact the physicist was probably most accurate when he proclaimed
that “some” sheep are black. He left open the possibility that this one
observation cannot be generalized. But now the question becomes
“How many observations are necessary to draw a conclusion?”
What if ten sheep were observed or one hundred or, over the course
of five years, no sheep other than black ones were observed? Un-
less every sheep was seen, could we ever draw a safe conclusion,
other than an absurdest comment like the mathematician made? In
science, as in life, we often do not have the capability to observe
every possibility. Whenever we can only draw conclusions based
on observations, we run in to this difficulty.

Mathematics can remove these physical obstacles of space and
time through pure intellectual thought. Indeed it was this aspect
of human thought that the Greek philosophers developed and
has carried over to the rigor of mathematics that we have today.
Yes, mathematics has its roots in philosophy. It tries to answer the
questions such as what is the fundamental nature of our universe,
what is truth, and what is it that we know to be true. The Greeks
attempted to tell undeniable, fundamental truths about our universe
that were indisputable and not based upon worldly observation.
How remarkable and what an incredible feat of humankind. Indeed
it is this philosophical aspect of mathematics and the search for
truth that appeals to the older adolescent. Perhaps a few examples
would be helpful.

If we ask students to define what a circle is, we would get many
responses; and if we take their definitions literally, we get many
things and most are not circles at all. So what is a circle really? What
is interesting is that all students know how to draw and identify
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circles without a formal definition, and knowing that definition will
most likely not help them in any practical way. In asking for this
definition, we are now asking students to be precise, to examine
carefully what it is they already know, and we are showing them
that it is important to say what you mean and mean what you say.
Euclid defines a circle as, “A plane figure contained by one line such
that all the straight lines falling upon it from one point among those
lying within the figure equal one another.” A more modern varia-
tion would be, “A collection of all points equidistant from another
point, called the center.” And at closer examination, this definition
technically gives us a sphere! So precision is so important. Further,
has anyone actually seen a circle? What is a point anyway? Could
we see one? How could points together really make a line? If we
look at any circle carefully, it is not perfectly round; no circle ever
created is exactly a circle. Instead it represents an ideal, one which is
only accessible, and perfectly accessible, by the mind. In a way our
minds are more powerful than the reality around us. We are now in
the realm of philosophy and truth. Does a circle even exist? These
are discussions that are very appealing to the older adolescent.

We also see the same phenomenon with something such as
vertical angles. It is very easy to see and to experiment through
measurement that vertical angles will always be equal. But how
do we know that is true in every case and for all time? Or that the
sum of the interior angles of a triangle always sum to 180 degrees?
We can experiment and see that it is always true and just simply
use this given fact to expertly and perfectly answer all manner of
practical questions. Indeed elementary school children arrive at
these conclusions through a variety of inductive experiments. But
later we want to present something deeper. The fact that there is a
fundamental truth here and a deductive approach gives us access
to that truth.

Inductive approach:

o
A u dA
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Deductive proof:
Given: AABC B

Prove: mZ1+m2£2 + m<£3=180°

Construct an auxiliary line parallel to 4C through B. 4 ¢
STATEMENT REASON
AC || BD Given (Auxiliary Line)
ms4+ms2 +ms5=180° | Angles of a Straight Angle
ms1l=ms4 If |, Alternate Interior £’s =
mZ3=ms5 If ||, Alternate Interior £’s =
ms1+ms2 + ms3=180° | Substitution Property (Twice)

Given at the wrong time, a deductive proof becomes difficult,
dry, detached, confusing, and pointless. Students may say, “Why
prove something that I already know is true?” or “That’s fine; can
I get on with my work now?” Worse, if the student doesn’t know
the fact already through induction, this approach is not the best
way to retain the information. Even today I have the visualization
of moving the corners of a triangle to make a straight line in my
head; Iwill never forget that elegant approach. Having an inductive
understanding is critical. But when students are ready for deduction,
it can become even more beautiful. To see an ultimate truth put be-
fore us so simply and elegantly explained, and to have no room for
doubt; how many things in life are really sure things? Mathematics
is an area where true comfort and security can be given.

What we want to do is to help move students from induction to
deduction. Indeed most mathematical discoveries begin as a series of
observation, then a rule is established, a conjecture drawn, and then
the last step unique to math is a deductive argument. But we always
start grounded in reality and guide students through the process.
Here is one example from an activity I do with the students.

Imagine a 3 x 3 cube. How many little cubes is it made of?
Now imagine it is dipped in paint. Then it is disassembled.

How many little cubes will have 0 sides with paint on them?
How many little cubes will have paint on only 1 side?

How many little cubes will have paint on 2 sides only?

How about on 3 sides?

Does this add up to your total box of little cubes?
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Eventually we want students to generalize a formula for an #
X 1 cube. Students usually do this by building models. We then
expand into larger cubes, and they would organize and complete
a chart such as this.

0 sides 1 side 2 sides 3 sides Total
3x3 1 5] 12 8 27
4x4 8 24 24 8 64
5x5 27 54 36 8 125
6x6 64 96 48 -] 216

Asthey do, they might start to notice patterns. They may notice,
for example, that the number of cubes with three sides of paint is
always eight, and they would be right. Now the question becomes
Why, and How do they know? They may make the observation that
the only small cubes with three sides exposed are on the corners, and
there are always exactly eight corners. So what they have done is
gone beyond the limit of the material (a theme used in elementary as
well). They have given a logical reason, one that is beyond observa-
tion and perfectly describes an infinite number of situations. They
may also notice that the number of cubes with two sides of paint
increases by twelve. And again, they would be correct. In fact they
could come up with a formula for any size cube just by using the
numbers. But again, how do we know? Why does this happen?
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We can observe that the cubes with two sides exposed are always
on the edge of the cube. And there are twelve edges in the cube. But
do all the cubes on the edges have two sides exposed? No, the ones
on the corners have three sides, so we take those away. So I may
ask, “How many cubes on an edge of a 75 x 75 x 75 cube would have
twosides exposed?” Students would immediately see in their minds
that there are 73. The total is 73 x 12. Now to the formula: The ques-
tion is, “What are we doing?” We take the edge length and always
subtract 2 (because we don’t want the corners) and then multiply by
12 (because of the number of edges). We have developed a formula
that has deductive reasoning behind it. Younger adolescents can
certainly develop these formulas, but they may not always have
an appreciation for what they are doing and why it is so critical.
Once they have the answer and a formula, they may wonder if that
is good enough and why does it matter. Nevertheless, we want to
prepare them for this so that when they are ready for this different
view of mathematics, they have the practice and the tools to now
accomplish what their needs are.

In guiding students through this process, we are carefully
constructing a line of thinking and reasoning that appeals to many
of the needs of the adolescent. What we are doing is starting from
the examples (the concrete). We then ask, “What if?” and we need
to use our imaginations. We then say, “What is happening here?”
where we are asking students to abstract the essence of what is
happening. Lastly we ask students to present their argument, or to
formalize what they have done. A good maxim I give to students
is, “Do not write so that it is possible to be understood, but so that
it is impossible to be misunderstood.” It is not just that man has
the mathematical mind. Man has the kind of mind that abstracts
and then applies those abstractions that have been acquired. In the
elementary we have a “passage to abstraction” in all the mathemati-
cal work. Perhaps for adolescence this can then be expanded into a
“passage to formalization.”

I'wasrecently working with a group of ninth graders who struggle
somewhat skill-wise on the Pythagorean Theorem. As part of an
extension with the follow-up work, we were working with special
triangles, and when we have a 30-60-90 triangle, the sides are in
a ratio of 1:2:4/3. We did an activity of discovery and induction to
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discover this ratio. After working on this for over a week, there were
still many fundamental questions about simple procedural things
that were barriers for the students. We spent a good portion of the
class going over these things when a student asked “Why is that
always a 3? Is it because there are three sides in the triangle?” Now
this question had nothing to do with the difficulties the students
were having in applying the Pythagorean Theorem. Instead this was
a philosophical question; a why rather than a how. To explain this we
went through the work again with numbers and we examined where
this 3 (V3) was coming from. We then proceeded to do the same work
side-by-side butalgebraically (abstractly), and she understood. Now
this led to a greater understanding of the procedure in the end. But
to me what is more important is that this young lady was starting
to show interest in the mathematics for a deeper purpose. Now the
formal, deductive approach to how the ratio comes about was of
interest to her. For older students, I might start with this. But if I
would have done so for this group, the response would have been
one of confusion, tedium, or, irrelevance. Still, we expose younger
students to give them glimpses and to help guide them towards
that amazement and deep understanding.

We must keep in mind that formalization cannot emerge with-
out the previous key step of abstraction. At the adolescent level,
we still need to aid the mathematical mind through materials. We
pick materials that appeal to the adolescent, that are polyvalent
and that illustrate key concepts, and we expect students to be using
them to help them with the formalization and deduction of these
key concepts. Maria Montessori stated that human beings cannot
create anything without mathematics. Abstraction does not have to
do with the mathematical mind, but exact abstractions do have to
do with the mathematical mind. Mankind abstracted from around
him; he saw the circle. But does the circle ever exist on its own? To
pass from imagination to something that actually will work requires
exactness; that is, mathematics. And we need to give children as
many real experiences to help them abstract and imagine. After all,
abstract means to draw off of. If these students do not have anything
from which to draw from, how can they possibly truly be doing
abstraction? Often they are going through rote processes that are
often interpreted as being in abstraction, but this is not what true
abstraction is.
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Recently students were working with the concept of complet-
ing the square and were working in true abstraction when I heard
conversations between students confused or having difficulties
with some points. It was great to hear them say to each other, “No,
remember, you have two squares,” recalling the material that was
used previously, and how this simple statement cleared up all confu-
sion and let the adolescent work with confidence and clarity. These
are not isolated incidences with just this material, but happens over
and over again as students who are well-prepared throughout the
process of induction to deduction, from concrete through abstrac-
tion, are then ready to take the next steps into a full formalization
and deep understanding of the work.

The mathematical mind is still forming and being strengthened
throughout adolescence. There is much more to the mathematical
mind than simply the ability to solve mathematical questions. It
is about a way of thinking, it is about ordering one’s mind, and
understanding the need for precision and exactness. It is about the
development of an amazing human gift. The more we can provide
opportunities for students to engage in mathematical thinking, the
more prepared their minds will be.
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